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Suppose that there are n. commodities consumed by m con-
sumers, andダ＝細年，…………，叫',represents the quantities of 
consumption for the i-th consumer, i=i1, 2, ….. • , m. Each consumer 
is assumed to have a preference relation~between vectors. Given 
any two vectors, がandy1, eitherがisprefered to y1 (が?Y'),or y1 is 
prefered toが（が各yり， orがisindifferent to y'(が~yり. Whereがis
strictly preferred to y', we denote it by x1>-y'. We postulate that the 
preference relation has the following properties :_
(1) Irreflexivity : が～が forany が~o.
(2) Transitivity : が?Y'andy• ~z• implies x'平'.
(3) Monotonicity: が~y'means が?Y'·
(4) Insatiability: We can find y1 for anyが suchthat y1? が inthe 
n-dimensional commodity space. ・ 
(5) Strong convexity : が';!,z1orが～が andY1? がory'~が withy1=/=が
implies (t• が+(1-t)yり>-が forany O<t<l, where t isa scalar. 
(6) Continuity : P= {yりがとが}andQ={yぽ?Yりare closed sets for anyヰ
(7) Semi-positivity of the individual consumer's resources: ガ砂 for
any i. Ifグ=Owe can eliminate the r-th consumer from the dis-
cussion, because he can not exchange any quantities of commodi-
ties. 
(8) If there is a numerical function uば） forが邸， suchthat uば）
>uが） 'ifand only if x'冷,,,and uば）＝約(yりifand only if が~y•,·
u, is called a utility index of preference. 
The barter process, discussed by Edgeworth, consists of successive 
barters between individuals according to their preferences and budget 
cons tram ts. 
1) 〔幻 p.316ー319
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In order to explain the bartering path, we will specify a so-called 
transaction rule among individuals regulating their behaviors over 
periods, at first. 
The quantitil:ls exchanged and prices in period t will specify the 
exchange and prices in period t + 1 ; 
P<t+ 1) = tf>(P(t), X(t)) (1) 
が(t+1) =,fr;(p(t), X(t)) (2) 
where 
か(t)
加(t)
P(t) = : denotes the price vector in period t, and 
Pn<t) 
在 (t極 (t)..................... 知 (t)
蝉 t)極 t)・・・・・・・・・・・・:・・・・・・・・・ 知 (t)
X(t)= 1................................. . 
知 (t)ゃ (t)..................... Xnm(t) 
is the distribution matrix in period t, where x,; denote. the quantities 
of the i-th good distributed to the j-th agent.、Themapping¢and v, 
are continuous. Further we will give the definition of a Pareto opti-
mum in this contex. If and only if there exists no distribution matrix 
X(t) such that 
U(X(t))L U(X(t-1)) (t=O, 1, 2, …） 
under the budget constraints 
幻i・和=f:P/(t)•x;;(t) 
•=1 1=1 
for i=l, 2, …, m, 
(3) 
(4) 
where和 isthe initial quantity of the j-th good kept by the i-th 
agent, 和 denoteits related equilibrium price, then X (t-1) is in a 
Pareto optimum. Here, uば(t)is the real valued mapping showing 
the .preference index ofが(t),and U(X(t)) denotes the preference index 
・vector in non-negative Euclidean m-dimensional vector space, R.;. ぢ
約（分(t))
U(X(t)) = 
拓（サ(t))
: where ， 
for i=l, 2, …・・・,m. 
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Um(ガn(t))
・X1;(t) 
が(t)= 知(t)． . . 
Xn;(t), 
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THEOREM 
The path from any semi-positive initial prices and distribution 
{p, X) in Edgeworth's barter process converges _to a Pareto optimum. 
Proof 
The commodity space for each individual is bounded and・closed 
under the budget constraints (4) and non-negativity ofが.The trans-
action will take place if and only if it will not make the individual 
worse of in terms of his preference relation : 
U(X(t+ 1))~U(X(t)). ・(5) . 
Since al of the distributions after transactions should satisfy the 
budget constraints and non-negativity ofが， thecommodity space itself 
is a compact set. According ,to the maximum value theorem2), the 
continuous mapping U has a maximum value, 
応 maxU(X(t)).
O~I 
Let文beany limiting distribution of X(t) as t tends to infinity; that 
is, for budget constraints (4), some sub-sequence {t』,t→ o when 1. 
converge to infinity : 
文=lim X(ち）．
V→~ 
When we consider the condition (5), we can get a sequence of 
preference indices as the following : _ 
U(X(O))~U(X(l))二 U(X(2)溢…………..網．
At last, it will converge to Ui戌） which ensures a muximum value 
of U, which is supported by the maximum value theorem. 
Finally let us give the proof of uniqueness of the solution. We 
assume there are two Pareto optimum points, 炉 and炉.By de:fini-
tion 
U=U(文り='Uiぼ吟
”” under-the budget constraints~ 似叩ニエ私・和=Miand 
i=l i=l 
”” こ加紅吟勁・和=M;,for i=l, 2, ……， m. 
i=1 •=1 
The point between文1
and炉 alsosatisfy the budget constraint, so 
筍〔3〕p. 208, Theorem 2. 
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n n 
こ尻比｝＋エ加枯;/
•=1 i=1 
n n ＝虻~p心;/+½1:転え;/
i=1 i=1 
~M;(i=l, 2, ……， m), 
where P=IIP1, 和，•…..'p』I'=lim pct). 
t→OO 
From assumption (5), 
炉＋ぇ2
＞炉～炉．2 
. Sinceがand炉 arein the Pareto optimum which ensures a maxi-
mum value of preference indices, a contradiction would result. So, the 
equilibrium point should be unique. 
Q.E.D. 
As explained by Edgeworth and Marshall, barter processes starting 
from any point may reach a point on the contract curve, and in turn, 
will converge to a Pareto optimum if and only if under the perfect 
competition the exchange goes on in an infinite number of periods. 
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